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1. INTRODUCTION 
In his classical paper [lo], Zadeh introduced the fundamental concept of 
fuzzy sets. This idea was then applied to various other fields of mathematics 
including topology resulting in the study of fuzzy topology by Chang [I], 
fuzzy uniformity by Lowen [7], and fuzzy proximity by Katsaras [5]. Thron 
IS] presented a new approach to poximity structures using the theory of 
grills, an important concept introduced by Choquet [3]. The importance of 
grills in the proximity theory is noticed sufficiently in various other papers 
(e.g., cf. [2,4]) also. 
Recently, Katsaras [6] introduced and studied filters, ultrafilters, and
clusters in the new setup of fuzzy proximity on a set. In the present paper, 
we introduce fuzzy stacks and fuzzy grills and obtain a characterization f
fuzzy proximity using fuzzy grills. 
In Section 2, fuzzy stacks and fuzzy grills and in Section 3 on the lines of 
basic proximity or C?-proximity as described in [8,9], the concept of fuzzy 
basic proximity on a set are introduced. Also, the fuzzy basic proximal 
neighborhood of a fuzzy set with respect to a fuzzy basic proximity is 
defined and some of the properties of sets of all fuzzy basic proximal 
neighborhoods of fuzzy sets are obtained. Finally in Section 4, a necessary 
and sufficient condition for a fuzzy basic proximity to be a fuzzy proximity 
is obtained. 
2. FUZZY GRILLS 
Let X be a set and IX be the collection of all mappings from X to the unit 
interval 13 (0, l] of the real line. A member ;i of IX is called a fuzzy set. For 
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any two members A and ,u of Ix, 1 - 1, 1 V p, A A ,u and A > ,u have their 
usual meanings. 0 and 1 denote constant functions mapping all of X to 0 and 
1, respectively. 
2.1. DEFINITION. A fuzzy stack 9 on X is a subset of Ix such that J > ~1 
and ~1 E Y implies that k E *sP. 
2.2. DEFINITION (cf. [6, Definition 4. I]). A fuzzy Jilter F on X is a 
fuzzy stack on X such that (i) 0 & Sr and (ii) for every ,u, ,u~ E fl, there 
exists ‘a ,u~ E jr such that ,u~ <,ui A P,. A maximal, with respect to set 
inclusion, fuzzy filter on X is called a fuzzy ultrafilter on X.
2.3. DEFINITION. A fuzzy grill Y on X is a fuzzy stack on X such that 
(i) 0 & g and (ii) ,J V p E 59 implies that k E Y or ,U E Y. 
2.4. Notation. For a set X, z(X), Q(X), R(X), and T(X) denote respec- 
tively the set of all fuzzy stacks, fuzzy filters, fuzzy ultrafilters, and fuzzy 
grills on X. 
2.5. DEFINITION. For all 9 E C(X), we define 
(i) c(Y)= {,u: 1--p &9} 
and 
(ii) d(Y) = {p: p A A# 0, VA E 9). 
2.6. THEOREM. For all 9 in C(X) (i) c(Y) E z(X), (ii) c(P) c d(Y), 
(iii) c(c(9))) = 9, and (’ ) iv c is a bijection from Z(X) to Z(X),from r(X) to 
Q(X), and from Q(X) to T(X). 
Proof. We prove only (ii). The others are easy to prove. 
In case (i) 9 = 4, it is trivial that c(Y) = Ix = d(Y)), (ii) Y = Zx or 
equivalently 0 E 9, it is trivial that c(Y) = $ = d(9). Assume that 9 # d 
and 0 ~5 9. Let ,U E c(9) and ,U A 2 = 0 for some A E Y. ,u A I = 0 implies 
that ,u(x) = 0 or n(x) = 0, for each x E X. Now, if p(x) = 0, then (1 -P)(X) = 
1 > n(x), and if n(x) = 0, then trivially (1 -,u)(x) > n(x); and, hence 
(1 - ,u) E -10, a contradiction tothe fact that ,U E c(9). Thus c(9) c d(9). 
3. FUZZY BASIC PROXIMITY 
3.1. DEFINITION. A fuzzy basic proximity on a set X is a binary relation 
Z7 on Ix which satisfies the following conditions: 
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(1) n=n-‘, 
(2) A V p E IT(v) iff 1E ZZ(v) or p E n(v), 
(3) II A P # 0 implies that ,4 E ZZ&), and 
(4) 0 6Z IT(l), for every 1 E I*, 
where ZZ(n) denotes the set {p E Ix: (,u, 2)E ZZ}. 
3.2. DEFINITION (cf. [5, Definition 3.11). A fuzzy basic proximity ZZ on 
X is a fuzzy proximity if it satisfies thefollowing condition: 
p @? ZZ@) implies that there xists a r E Z* such that p & ZZ(v) 
and 1 - v 6? ZZ(n). 
3.3. THEOREM. A binary relation ZZon Ix is a fuzzy basic proximity on 
X IT it satisfies thefollowing conditions: 
(1) zz=zr’, 
(2) ZZ(l3) E Z-(X), VI E Ix, and 
(3) n(A) 3 u [iv E L!(X): 1 E P]. 
Proof: It is parellel tothat of Theorem 3.1 in [8]. 
3.4. DEFINITION. Let Z7 be a fuzzy basic proximity on X. An element 
ZI E Zx is called afuzzy proximal neighborhood f1 E Zx iff 1 -,u & Zi’@). 
The set of all fuzzy proximal neighborhoods of1 with respect o ZZ is 
denoted by N(ZZ, A). 
3.5. THEOREM. (i) N(ZZ, 2) = c(ZZ(A)), (ii) N(Zi’, 2)is a fuzzy filter onX, 
and (iii) N(ZZ, 1) c {p E Ix: ~12 2). 
Proof: Since of E N(ZZ, 2) iff 1 -p 6YG ZZ(A) iff p E c(ZZ@)), N(ZZ, A) = 
c(ZZ(A)). Further, because Z7@) E Z(X) [cf. Theorem 3.31 and c is a mapping 
from Z(X) to G(X) [cf. Theorem 2.61, N(ZZ, A) is a fuzzy filter onX. 
Now, p E N(Z7, A) implies that 1 -,u & Z7(1) and hence (1 - p) A 1= 0. 
Thus, for each x in X, either (1 -p)(x) = 0, or n(x) = 0. In case n(x) = 0, 
P(X) > n(x) is trivial: and, in case (1 -P)(X) = 0, we have ,u(x) = 1 > n(x). 
3.6. THEOREM. z7(1 v,u)=z7(A)uz7(u). 
Proof vEn(nV~)iffnV~uE(v)iff~ZE(v)or~En(v)iffvEn(~) 
or u E ZZ@) iff 1, E ZZ(n) U ZZ@). 
3.7. COROLLARY. N(z7,A Vp)=N(z7,A)nN(zz,p). 
ProofI vEN(ZZ,1V@) iff l-v@ZZ(~V~)=ZZ(~)UZZ@) iff l--v@ 
ZZ(d) and 1 - v C$ ZZ@) iff vE N(ZZ, A) n N(ZZ, p). 
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3.8. COROLLARY. A > p implies that N(IZ, A) c N(Z7, p). 
ProojI By Theorem 3.6, it follows that ZZ@) 3 ZZ@). NOW, v @ N(ZZ,p) 
implies that 1 - u E Zi$) c ZZ(l), i.e., v6!? N(ZZ, A). Thus N(Zi’, A) c N(ZZ, P). 
3.9. THEOREM. ,u E Z7(L) implies that p A v # 0, for all v E N(Z7,n). 
Proof. Since ZZ(J) = c(c(ZZ(A))) c d(c(ZZ(J))) = d(N(Z7, A)), ~1 E ZZ@) 
implies that P E d(N(ZZ, A)), i.e., p A v # 0, for all v E N(ZZ, A). 
3.10. THEOREM. J, E N(Z7, ,a) and ,I’ E N(ZZ, p’) implies that I V A’ E 
N(K P V P’). 
Proof: It is parallel to that of Theorem 3.6 in [8]. 
4. CHARACTERIZATION OF FUZZY PROXIMITY 
Let Zi’ be a fuzzy basic proximity on a set X and let Y be a fuzzy grill on 
X. Then we define 
e(Z7, .Y) = {A E Ix: N(ZZ, ,I) c F}. 
4.1. THEOREM. (a) e(ZZ, Y) is a fuzzy grill on X and (b) e(ZZ, P) 2 ,V’. 
Proof. (a) Because ZZ(0) = 4, N(ZZ, 0) s I*, and hence 0 & e(ZZ, Y). 
That e(Z7, Y) is a fuzzy stack follows from Corollary 3.8. Finally, let 
1 V ~1 E e(ZZ, g), i.e., N(ZZ, 1 V p) c S. To show that e(Z7, g) is a fuzzy grill 
we need to show that either N(ZZ, A) c .Y or N(Zi’, p) c g?. To the contrary, 
assume that there exist 1’ E N(ZZ, A) and ,u’ E N(ZZ,p) such that i’ 4 Y and 
$ & Y. Since g is fuzzy grill, A’ V p’ & 5. By Theorem 3.10, I’ V p’ E 
N(ZZ, L V p). This contradicts he assumption that N(Z7, A V ,u) c Y. 
(b) Because Y is a fuzzy grill and p E N(ZZ, 2) implies that ,ff > 1 [cf. 
Theorem 3.51, we have N(ZZ, I) c %V, whenever d E Y. 
4.2. THEOREM. A fuzzy basic proximity Zi’ on a set X is a fuzzy prox- 
imity if and only if 
for each ,I in Ix. 
ProoJ: According to Theorem 3.3, ZZ@) is a fuzzy grill on X and hence 
by Theorem 4.1 (b), we have e(ZZ, ZZ(n)) 3 ZZ(n). Before proceeding further, let 
us note that every 1 E Zx can be expressed as 1 -P for some ,u E Zx, and by 
symmetry of Zi’, A E ZZQ) iff lu E ZZ@). Now, by definition, a fuzzy basic 
FUZZY PROXIMITY 17 
proximity 17 on X is a fuzzy proximity iff p @ ZZ(v) implies that there exists a
G E Ix such that y CC n(o) and 1 - u GTG n(v), iff 1 --P # n(v) implies that 
there exists a o E P’ such that 1 -,u & n(a) and 1 - o $ II(v), iff ,u E N(I7, V) 
implies that there exists a u E N(I7, V) such that p E N(n, o), iff 
(contrapositively) for all u E N(ZZ, v), 1 -,u E n(a) implies that 
1 -PEE(V), iff each aEN(ZZ,v) is in ZZ(l--p) then vEn(l-p), iff 
N(I7, V) c ZZ( 1- p) implies v E ZZ( 1 - ,u), iff e(I7, n(A)) c n(A), for each 
/I E IX. 
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